ON A NEW CLASS OF RIGID COXETER GROUPS 
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Abstract. In this paper, we give a new class of rigid Coxeter 
groups. Let (W, S) be a Coxeter system. Suppose that (0) for 
each s,t G S such that m(s,t) is even, m(s,t) G {2} U 4N, (1) 
for each s =/= t G S such that m(s,t) is odd, {s,i} is a maximal 
spherical subset of S, (2) there does not exist a three-points subset 
{s,t,u} C S such that m(s,t) and m(t,u) are odd, and (3) for 
each s =/= t G S such that m(s, t) is odd, the number of maximal 
spherical subsets of S intersecting with {s, t} is at most two, where 
m(s, t) is the order of st in the Coxeter group W. Then we show 
that the Coxeter group W is rigid. This is an extension of a result 
of D. Radcliffe. 

1. Introduction and preliminaries 

The purpose of this paper is to give a new class of rigid Coxeter 
groups. A Coxeter group is a group W having a presentation 

( S | (st) m(s >V = 1 for s,t eS), 

where S is a finite set and m : S'xS'^NU{oo}isa function satisfying 
the following conditions: 

(i) m(s, t) = m(t, s) for any s,t £ S, 

(ii) m(s, s) = 1 for any s G S, and 

(iii) m(s, t) > 2 for any s,t & S such that s ^ t. 

The pair (W, S) is called a Coxeter system. For a Coxeter group W, 
a generating set S" of W is called a Coxeter generating set for W if 
(W, S') is a Coxeter system. Let (W, S) be a Coxeter system. For a 
subset T C S, Wt is defined as the subgroup of W generated by T, 
and called a parabolic subgroup. A subset T C 5 is called a spherical 
subset of S, if the parabolic subgroup Wt is finite. 
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Let (W, S) and (W, S') be Coxeter systems. Two Coxeter systems 
(W, S) and (W, S') are said to be isomorphic, if there exists a bijection 
ip : S — > S' such that 

m(s,t) = m'( , 0(s) > '0(t)) 

for every s,t & S, where m(s, t) and m'(s', t') are the orders of st in W 
and s't' in W, respectively 

In general, a Coxeter group does not always determine its Coxeter 
system up to isomorphism. Indeed some counter-examples are known 
(cf. PJ, [2])- Here there exists the following natural problem. 

Problem (j2|, j^j). When does a Coxeter group determine its Coxeter 
system up to isomorphism? 

A Coxeter group W is said to be rigid, if the Coxeter group W 
determines its Coxeter system up to isomorphism (i.e., for each Coxeter 
generating sets S and 5" for W the Coxeter systems (W, S) and (W, S') 
are isomorphic). 

A Coxeter system (W, S) is said to be even, if m(s, t) is even for all 
s 7^ t in S. Also a Coxeter system (W, S) is said to be strong even, if 
m{s, t) G {2} U 4N for all s ^ t in 5. 

The following theorem was proved by D. Radcliffe in [H]. 

Theorem 1.1 ([5). If (W, S) is a strong even Coxeter system, then 
the Coxeter group W is rigid. 

In this paper, we prove the following theorem which is an extension 
of Theorem 11.11 and |U Theorem 1.2]. 

Theorem 1.2. Let (W,S) be a Coxeter system. Suppose that 

(0) for each s,t G S such that m(s,t) is even, m(s,t) G {2} U 4N, 

(1) for each s ^ t G S such that m(s,t) is odd, {s,t} is a maximal 
spherical subset of S, 

(2) there does not exist a three-points subset {s,t,u} C S such that 
m(s,t) and m{t,u) are odd, and 

(3) for each s ^ t G S such that m(s,t) is odd, the number of 
maximal spherical subsets of S intersecting with {s,t} is at most 
two. 

Then the Coxeter group W is rigid. 

2. Proof of the theorem 

Let (W, S) be a Coxeter system. Suppose that 
(0) for each s,t G S such that m(s, t) is even, m(s, t) G {2} U 4N, 
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(1) for each s ^ t G S such that m(s,t) is odd, {s,t} is a maximal 
spherical subset of S, 

(2) there does not exist a three-points subset {s,t,u} C S such 
that m(s,t) and m(t,u) are odd, and 

(3) for each s / t £ S such that m(s,t) is odd, the number of 
maximal spherical subsets of S intersecting with {s,t} is at 
most two. 

Let (W, S') be a Coxeter system. We suppose that there exists an 
isomorphism : W — > W. To prove Theorem 11.21 we show that the 
Coxeter systems (W, S) and (W, S') are isomorphic. 
The following lemma is known. 

Lemma 2.1 (cf. j2], For each maximal spherical subset T C S, 
there exists a unique maximal spherical subset T' C 5" suc/i that 
4>{W T ) = w'W T ,w'~ l for some w' G W. 

We first prove the following lemma. 

Lemma 2.2. The Coxeter system (W, S') satisfies the following: 

(0') for each s',t' G S' such that m'(s',t') is even, m'(s',t') G {2} U 
4N, 

(1') for each s' ^ t' G S' such that m'(s',t') is odd, {s',t'} is a 

maximal spherical subset of S' , 
(2') there does not exist a three-points subset {s', if, u'} C S' such 

that m! \s' , t') and m' (f , u') are odd, and 
(3 ; ) for each s' ^ t' G 5" such that m\s',t') is odd, the number of 

maximal spherical subsets of S' intersecting with {s', t'} is at 

most two. 

Proof. Let s' ^ if G S'. There exists a maximal spherical subset T' of 
S' such that {s',t'} C V. By Lemma O ~ W T for some 

maximal spherical subset T of S. By (0) and (1), either 

(i) (Wt, T) is a strong even Coxeter system, or 

(ii) |T| = 2 and if T = {s,£} then m(s,t) is odd. 

Hence Wt is a rigid Coxeter group and (Wt,T) and (Wy,,T") are 
isomorphic. Thus if m'(s',t') is even then m'(s',t') G {2} U 4N, and if 
m'(s', t') is odd then {V, t'} is a maximal spherical subset of S' . Hence 
(0') and (1') hold. We can show (2') and (3') by the same argument as 
the proof of |3J Lemma 3.1] □ 

Let A and A' be the sets of all maximal spherical subsets of S and 
S', respectively. For each T G A, there exists a unique element T' G A' 
such that 4>{Wt) ~ W T , by Lemma l2~Tl 
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We define 

S = [j{T G A | (W T , T) is strong even} 

S> = \J{T' G A' | iW^X) is strong even}. 

We note that for each s G S\S, there exists a unique element t G 5'\{s} 
such that m(s, t) is odd. Then m(s, u) = oo for any u E S \ {s, t}. 

Let W ah and W /a be the abelianizations of W and W 7 ' respectively, 
and let 7r : W — > iy ab and 7r' : W 7 ' — > W a be the abelianization maps. 
We note that VT ab = (W§) ah = Z l 2 sl and W ab = (W'g,) ah S zf . 

We can obtain the following lemma by the same argument as the 
proof of (HI Theorem 4.4]. 

Lemma 2.3. //A and B are subsets of S and tt(Wa) = tt(Wb), then 
A = B. 

For A C S and A' C 5', we denote At A' if tt'(0(W^)) = 7r'(W^)- 
We can obtain the following lemma by the same argument as the 
proof of Theorem 4.5]. 

Lemma 2.4. Let A and B be subsets of S and let A' and B' be subsets 
ofS>. 

(i) If At A' and BtA' then A = B. 

(ii) If At A' and AtB' then A' = B' . 

(iii) If At A' and BtB' then (A n B)r{A' n B'). 

We obtain the following lemma from Lemmas 12.31 and 12.41 

Lemma 2.5. Let A and B be subsets of S and let A 1 and B' be subsets 
ofS'. If At A', BtB' and AcB, then A' C B' . 

Proof. Suppose that At A', BtB' and A C B. By Lemma El (iii), (An 
B)T(A'nB'). Since A C B, At(A'C\B'). Now At A'. Bv LemmaQ(ii), 
A' = A' (IB', i.e., A' c B'. □ 

A subset T of S is said to be independent, if m(s, t) = 2 for all s ^ t 

\T\ 

in T. We note that if T is an independent subset of S then = D % . 
Let S and B' be the sets of all maximal independent subsets of S and 
S', respectively. 

We show the following lemma which correspond to jSl Theorem 4.7]. 

Lemma 2.6. For each T G B, there exists a unique T' G B' such that 
TtT '. 
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Proof. Let T G £>. Then there exists U G A such that T C U C S. By 
Lemma l2~Tl <£(Wi/) = w'W' v ,w'~ l for some £/' G A' and w/ G W 7 . Here 
: HV — > w'W{j,w'~ l is an isomorphism and (Wu, U) and (Wy/,Z7') 
are strong even. By the proof of Theorem 4.7], there exists a unique 
independent subset T' of C/ 7 such that TtT' . We show that T' is a 
maximal independent subset of S' . Suppose that T' C Tq and Tq is an 
independent subset of S. Then by the above argument, there exists an 
independent subset T of 5 such that TqtTq. Since T' C Tq, T C Tq by 
Lemma f2. 51 Hence T = Tq because T is a maximal independent subset 
of S. By Lemma f2. 41 (ii), T' — Tq. Thus T" is a maximal independent 
subset of S', i.e., T" G B' which is a unique element such that TtT' . □ 

We can obtain the following lemma from Lemmas 12.41 (iii) and 12.61 
and the proof of jSJ Theorem 4.8]. 

Lemma 2.7. Let T u . . . , T k G A U B and T{, . . . , T' k G A' U B' such 
that Ti C S and TtT[ for each i = 1, . . . , k. Then \T\ D • • • fl Tf.\ = 

\T[ n •••nT/J. 

Lemma 12.71 implies that there exists a bijection i/j : S ^ S' such 
that for each s G <S and T G U i3 with T C £?, s G T if and only if 
•0(s) G T', where T' is the element of A' U £>' such that TtT' (cf. 0). 
By the proof of Theorem 4.11], the bijection ifj : S ^ S' induces an 
isomorphism between the Coxeter systems (W§,S) and (Wg,,S'). 

Here we note that we can constract ip : S — > <S' so that = t' 
for each t <E S and £' G <S' such that {t}r{£'}. Indeed, suppose that 
{t}r{t'} (such t' is unique, since (Wg, S) and (H 7 ^,, are even). Then 
for T G A U B with I 7 C 5 and T" G A' U £' such that TtT', t G T if 
and only if t' G X" by Lemma f2. 51 

Using the above argument, we show the following. 

Theorem 2.8. The Coxeter systems (W, S) and (W, S') are isomor- 
phic. 

Proof. We define a bijection ip : S — > 5" as follows: Let s G 5. If 
s G 5 then we define -0(s) = Suppose that s G 5 \ S. Then 

there exists a unique element t G S\ {s} such that m(s, t) is odd. Here 
we note that m(s,u) = 00 for any u <E S \ {s,t}. Now either t <E S 
or £ G" S. We first suppose that t <^ S, i.e., {s,£} C S \ S. Then 
{TGi|Tn{s,i}^|} = {{s, £}}• There exists a unique {a 7 , f } G A' 
such that 0(W{,, t }) ~ w {s>,t<} b y Lemma O Here {s',t'} C S \ S by 
[3J Lemma 2.6]. We define ip{s) = s' and -0(t) = t'. Next we suppose 
that t G 5. Then \{T e A\T n {s,t} ^ 0}| = 2, and there exists a 
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unique T G A such that t G T C S . By Lemma f2. 11 there exist unique 
{s',t'},T' G A' such that (f>(W {s>t} ) ~ W { ' s/>i , } and 0(W T ) ~ The 
proof of gl Lemma 2.6] implies that {s' 2 t'}nT' ^ and <f>(t) ~ s' ~ f . 
We may suppose that £' G T'. Then ^(t) = t' because {t}r{t'}. We 
define i/j(s) = s'. 

Then the bijection -0 : S —>■ S' induces an isomorphism between the 
Coxeter systems (W, S) and (W, S') by the constraction of ■0. □ 
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